Introduction
This paper is directed towards an understanding of those p-elliptic spaces which have the rational homotopy type of a sphere, by classifying the algebraic models which occur when the space satisfies an additional 'large prime' hypothesis, relative to the prime p. The main results of the paper are given at the end of this section. Definition 1.1 [10] A topological space Z is p-elliptic if it has the p-local homotopy type of a finite, 1-connected CW complex and the loop space homology H * (ΩZ; F p ), with coefficients in the prime field of characteristic p, is an elliptic Hopf algebra. (That is: finitely-generated as an algebra and nilpotent as a Hopf algebra [9] ).
The Milnor-Moore theorem shows that the Q-elliptic spaces are precisely those spaces which have the rational homotopy type of finite, 1-connected CW complexes and have finite total rational homotopy rank. This class of spaces is important because of the dichotomy theorem (the subject of the book [8] ) which states that a finite, 1-connected complex either has finite total rational homotopy rank or the rational homotopy groups have exponential growth when regarded as a graded vector space. Moreover, elliptic spaces are the subject of the Moore conjectures, asserting that the homotopy groups of a finite, 1-connected CW complex have finite exponent at all primes if and only if it is Q-elliptic.
The p-elliptic spaces form a sub-class of the class of Q-elliptic spaces. A p-elliptic space Z is known to satisfy the following important properties [10, 11] .
H
* (Z; F p ) is a Poincaré duality algebra.
2. The rationalization Z Q is a Q-elliptic space; in particular π * (Z) ⊗ Q is finite dimensional.
3. The formal dimension of Z over F p , fd(Z; F p ), is determined by the Hilbert series of H * (ΩZ; F p ) and is equal to the formal dimension over the rationals, fd(Z; Q). (The formal dimension of a space X over a field k is fd(X; k) = sup{m|H m (X; k) = 0}). 4 . p r annihilates the torsion module of H * (ΩZ; Z (p) ) for some integer r ≥ 0.
Many examples of p-elliptic spaces are known; for example finite (1-connected) Hspaces, spheres, the total space of a fibration in which both the base space and the fibre are elliptic. However, little is known regarding a general description or classification of these spaces, even under the 'large prime hypothesis' defined below in Definition 1.2. The spheres may be regarded as being the simplest possible Q-elliptic spaces, so it is natural to address the question of identifying those p-elliptic spaces which have the rational homotopy type of a sphere; such spaces lead to examples of p-elliptic spaces which do not have the p-local homotopy type of a finite H-space.
Application of the algebraic arguments used in this paper require the following restriction on the prime under consideration: Definition 1.2 Suppose that Z is a CW complex with cells in degrees (r, n], where r ≥ 1. A prime p is a large prime for Z if p ≥ n/r or p = 0, when we understand that F 0 = Q.
We discuss the formality of these spaces, with coefficients in a field. This property is studied in [7] , where equivalent conditions are formulated.
Definition 1.3
Suppose that X is a 1-connected space with F p -homology of finite type as a vector space.
X is p-formal if a minimal Adams-Hilton model
2. X is weakly p-formal if the Eilenberg-Moore spectral sequence collapses Tor
The main result of this paper may be stated as follows; a more precise version of the second statement is given in Section 3.1. Write X ∼ Q Y to indicate that X has the rational homotopy type of Y .
Theorem 1
Suppose that p is a large prime for the 1-connected space Z, which is p-elliptic, and that Z ∼ Q S N , for N ≥ 2. 
Examples
It is easy to show that there exist p-elliptic spaces with the rational homotopy type of a sphere but which do not have the p-local homotopy type of a sphere. Since a p-elliptic space is 1-connected and the cohomology algebra satisfies Poincaré duality, the fewest number of cells for which this may occur is three.
Take p an odd prime and integers n ≥ 2, k ≥ 1; let P 2n (p k ) denote the Moore space which is the cofibre of the Brouwer degree p k map:
be the Whitehead product of this map with itself (for details of p-primary homotopy theory, see [15] ). Now let
; it may be shown that the space Z is p-elliptic (for example by calculating the Adams-Hilton model, using the knowledge of the attaching maps) and Z visibly has the rational homotopy type of the sphere S 4n−1 , since P 2n (p k ) is rationally acyclic when k ≥ 1. Moreover, if p ≥ (n + 2), then it may be shown that (up to homotopy) this is the unique three cell space having this property. This is the first in a sequence of such p-elliptic spaces, examples which were first considered in [2] . As above, take p an odd prime and integers k ≥ 1, t ≥ 1; let S 2t+1 {p k } be the fibre of the Brouwer map S
, the tensor product of an exterior algebra by a truncated polynomial algebra. The Eilenberg-Moore spectral sequence converging to the mod-p loop space homology of V m collapses giving: 
These spaces are very well understood; for m < p − 1, decompositions for ΩV m as a product of atomic factors may be given directly by using the methods of [6] , thus generalizing the results of [2] . In addition, if X m denotes the 2mt-skeleton of
, then such decompositions may be given for X m .
These provide very useful explicit examples of the behaviour of elliptic spaces.
There is no reason to believe that these are the only p-elliptic spaces which have the rational homotopy type of odd spheres. Consider the following algebraic example as evidence for this; it is intended to resemble an Adams-Hilton model for a space [1] : Example 1.5 Suppose that p is an odd prime; for fixed integers N ≥ 2, r ≥ 0, k ≥ 1, define a differential graded algebra A = A(r) over Z (p) , the integers localized at p, as the tensor algebra with generators in the degrees indicated by the subscripts:
and with differential of degree
Thus A is the universal enveloping algebra on a differential, free graded Lie algebra. (The reader is invited to check that the above defines a differential, so that d 2 = 0). When r = 0, the algebra A may be taken as an Adams-Hilton model for the space V 4 (p k , N) considered in the previous example. For r ≥ 1, standard algebraic arguments may be used to show that H * (A ⊗ F p , d) is an elliptic Hopf algebra: the 'cohomology' corresponding to A may be calculated and the 'Eilenberg-Moore spectral sequence' has initial term which is of polynomial growth, which suffices by [9] .
In fact, if the prime p is sufficiently large compared with N, so that the model lies within the 'tame range', the constructions of tame homotopy theory [14] may be used to show that A may be realized as the Adams-Hilton model of a p-elliptic space X. This space has the rational homotopy type of an odd sphere but is not homotopically equivalent to any of the V m 's.
The paper is organized as follows: the next section considers the algebraic model which is used and proves the first part of Theorem 1. Section 3 then proves the part concerning those spaces with the rational homotopy type of an odd sphere. Finally, Section 3.1 shows how one can use this to completely determine the Z (p) -model and indicates how this yields the Adams-Hilton model by a property of formality over the ring Z (p) . 
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Algebraic models at large primes
The large prime restriction is of importance for the work of Anick [3] , which shows that, if p is a large prime for a finite, 1-connected CW complex X, then an Adams-Hilton model for X over Z (p) may be taken to be a universal enveloping algebra on a differential free graded Lie algebra. Halperin proves in [13] that this implies the existence of a commutative, minimal model (ΛW, d) over Z (p) for the cochains on the space X, satisfying:
≥1 is a free Z (p) -module and ΛW is the free graded commutative algebra on W .
• d is a differential of degree +1; if d 1 denotes the linear part of d then d 1 ⊗ F p is trivial. (The minimality condition).
• There exists a sequence of morphisms →, ← between (ΛW, d) and C * (X; Z (p) ), each of which induces a homology equivalence. ((ΛW, d) is a model).
• If (Y, ∂) Notation/ Convention: Here and throughout the rest of the paper, the abbreviation CGDA denotes a commutative graded differential algebra. All CGDAs will be connected, so that the indecomposables are in degrees ≥ 1.
It is straightforward to see that a 1-connected CW complex, Z, at a large prime p is p-elliptic if and only if it has a minimal, commutative cochain model (ΛW, d) as above with both W and H * (ΛW, d) finitely-generated Z (p) -modules. The equality between fd(Z; F p ) and fd(Z; Q) leads to the following result; more precise restrictions may be given on the degrees of the generators of U.
Proposition 2.1 Suppose that p is a large prime for a space Z which is p-elliptic and has minimal, commutative cochain model
(ΛW, d) over Z (p) . Then W ∼ = W 0 ⊕ U as Z (p) -modules, where H * (W, d 1 ) ⊗ Q ∼ = W 0 ⊗ Q ∼ = π * (Z) ⊗ Q and the linear differential d 1 ⊗ Q : U odd ⊗ Q → U even ⊗ Q is an isomorphism of Q-vector spaces. Moreover, W 0 is concentrated in degrees ≤ 2n Z − 1 and U is concentrated in degrees ≤ n Z − 2, where n Z is the formal dimension of Z.
Sketch of proof:
The loop space homology of Z is determined as a graded vector space by W and, if W has generators in degrees (2b i − 1) for 1 ≤ i ≤ 1 and
. A similar statement holds for fd(Z; Q) in terms of the generators of W 0 . Since these are equal and
removes' a pair (b, a) from W which has a contribution of zero to the above sum. However, a differential d 1 : α ∈ U even → β ∈ U odd would remove a pair (α, β) with a contribution of two to the sum. This is impossible, so that the linear part of the differential acts as claimed.
The statement regarding the degrees of the generators of W 0 follows from standard results in rational homotopy theory; details may be found in [8, Chapter 5] . The condition on U may be derived from arguments similar to those given below.
Notation:
Recall some of the details relating to the construction of the 'odd spectral sequence' (see [8, Chapter 5] for the rational version), generalized to the study of free CGDAs over Z (p) .
Suppose 
is independent of the choice of Z and is generated by elementsd(z i ) as z i ranges through a basis of some Z odd .
Given a free CGDA (A, d) over Z (p) , one may consider A ⊗ F p as a free CGDA over F p ; the following lemmas are then standard.
Lemma 2.2 Suppose that (ΛZ, d) is a free CGDA over F p and that y ∈ Λ(Z even ).
If dy = 0 then dy n = 0 if and only if n ≡ 0 mod p.
Lemma 2.3 Suppose that (ΛZ, d) is a free, minimal CGDA over F p and that
Proof: y pk is a cocycle for all k ≥ 1; thus there exists a minimal integer K such that it is a coboundary (since the cohomology is in bounded degree). Therefore, there exists z ∈ (ΛZ) odd such that dz = y pK . Write z = x + Φ, where
, then x will suffice. The condition α ≥ 2 follows by the minimality hypothesis. A is finite dimensional over F p if and only if (φ 1 , . . . , φ n ) 
Proposition 2.4 Suppose that (ΛZ, d) is a free, minimal Z (p)
-
If k = n, then
(where φ * denotes the image of φ * ), in which all the arrow are surjections. However, A is finite dimensional so that F p [y m , . . . , y n ]/(φ m+1 , . . . , φ n ) must be as well. This contradicts Proposition 2.6.
In particular, for the application, the following hypothesis is valid; Hypothesis 2.8 The elements φ k lie in the sub-algebra of F p [y 1 , . . . , y n ] generated by the elements of degree < |φ k |.
Corollary 2.9 Suppose that A is as in Proposition 2.6 and that Hypothesis 2.8 applies. Then, for all
k, |φ k | > |y k |.
The Euler-Poincaré characteristic
To state the main result of this section, recall the following definition:
A standard result for minimal models in rational homotopy theory implies the following result:
As an application of the previous theory, we have the following result: Proof: It suffices to show thatH * (Z; F p ) is concentrated in degree 2n. Proposition 2.1 shows that Z has a minimal, commutative cochain model (ΛW, d) over Z (p) with W = U ⊕ w 2n , z 4n−1 , with U concentrated in degrees ≤ 2n − 2 and d acts as stated in the Proposition (the subscripts indicate the degrees of the elements). The form of W 0 follows from the well-known rational homotopy groups for an even sphere.
In particular, χ π (ΛZ; F p ) = 0, so that the Theorem may be applied. In particular, if U were non-trivial, then the lowest degree element of W lies in U and would be in odd degree, contradicting the Theorem. Conclude that U is trivial; 
